H a, b for all a, b > 0, and the constants −7/2, −2, and −5 cannot be improved for the corresponding inequalities. and H a, b 2ab/ a b denote the arithmetic, geometric, and harmonic means of a and b, respectively.
Introduction
For p ∈ R, the generalized logarithmic mean L p a, b and power mean M p a, b of two positive numbers a and b are defined as
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It is well known that L p a, b and M p a, b are continuous and increasing with respect to p ∈ R for fixed a and b.
and H a, b 2ab/ a b be the arithmetic, identric, logarithmic, geometric, and harmonic means of a and b, respectively. Then
1.3
In 1 , the following results are established: In 3 , Pittenger proved that
for all a, b > 0, where
1.5
Journal of Inequalities and Applications Qi and Guo 5 established that
for all b > a > 0, δ > 0 and r ∈ R. The upper bound in 1.6 is the best possible. In 6 , Chu et al. established the following result:
for all b > a 2, where the Ψ function is the logarithmic derivative of the gamma function. Recently, some monotonicity results of the ratio between generalized logarithmic means were established in 7-9 .
The purpose of this paper is to answer 
Main Results

2.1
To prove that −7/2 is the largest number for which the inequality holds, we take 0 < ε < 1 and 0 < x < 1, and we see that
where
Making use of the Taylor expansion, we have 
2.4
Equations 2.3 and 2.4 imply that for any 0 < ε < 1 there exists 0 < δ δ ε < 1, 
Proof. Simple computations yield
Next we prove that −2 is the optimal value for which the inequality holds. For 0 < ε < 1 and 0 < t < 1, elementary computations yield
Using Taylor expansion we get Equations 2.7 and 2.8 imply that for any 0 < ε < 1 there exists 0 < δ δ ε < 1, such that 2L −2 ε 1 t, 1 > A 1 t, 1 H 1 t, 1 for t ∈ 0, δ . 
